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ABSTRACT
A class of dispersive equations is studied within the framework of group analysis of differential equations.
The complete list of equivalence transformations is presented. It is shown that certain equations from the class admit
nonclassical reductions. Potential and potential nonclassical symmetries are also considered.
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1. INTRODUCTION
We consider the class of nonlinear dispersive equation (Rosenau, 2005).

E:ut+e(um)x+%[ua(ub)xx]x:0 (1)

which is of interest in Mathematical Physics. Special cases of this class have been used to model successfully physical
situations in a wide range of fields. For example, if a = 0 and b = n, we have generalization of KdV equation
(Popovych, 2010; Rosenau, 1993)

E=ut+e(u”‘)x+%(u“)m=0 @)

and the equation that corresponds to the values m = 2, a = b = 1 describes the motion of a diluted suspension (Rosenau,
2006). Equations of the type (2) with values of the parameters m and n are denoted by K (m, n). For example, the
properties of the equation K(2, 2) were examined in (Popovych, 2010). Further applications of the class (1) can be
found in (Rosenau, 1994, 2000, 2005, 2006) and references therein.

Our goal in this chapter is to extend certain results of the recent work (Bruzon, 2012). In particular we give
an enhanced Lie group classification for the class (1). The complete list of form-preserving point transformations is
presented. We show the nonclassical reductions, potential symmetries and nonclassical potential symmetries.
Equivalence Transformations: We recall that an equivalence transformation of a PDEs, E(x, t, u) = 0, is an
invertible transformation of the independent and dependent variables of the form

t'=Q(x,t,u),x’ = P(x,t,u)u’ = R(x,t,u) 3)
that maps every equation of the class into an equations of the same form, E(x’,t’, u’) = 0. A complete classifications
of the transformations of the class (3) that connects equation (1) and

us+e (U™, +§[u'a'(u’b')x,x,]x, =0 (4)

provides us the so called form preserving transformations (Kingston, 1998) (or admissible transformations
(Ovsiannikov, 1959) of equation (1). Equivalence transformations can be regarded as a subset of such
transformations.
In order to derive the desired equivalence group of transformations we need to consider two cases:
(la+b-1#0and(ii)a+b-1=0.
1 3
case (i) Ifa+b-1 #0,wehave t'= St + y, X' = ax+ o,u’ = ¢ 31 garb-y (5)
_a+b—m a+b—-3m+2
Where E,ﬁ a+b-1 —cq a+b-1

From the above relation we deduce that €€~ 0or e=€'=0and «, # are nonnegative. Furthermore nonzero

€ and €'=1and an equation with can be transformed into one with €'=—1. That is we can take without loss of
generality e=€'=£1. Hence, for this last possibility, equation (1) admits a three parameter group of transformation.

a+b-3m+2 2
t'=a M t+y, X' =ax+0o,u' =a 30 My,
(@',b’,m’,e= +1)=(a,b,m,e= +1) (6)
While in the case €= €'= Oequation (1) takes the form u, + % [u"(ub )XX] =0 (7

which it admits the four-parameter equivalence group (5).
Now if m=m’=1we obtain the 4-parameter equivalence group
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t'=pt+y, X =ax+(Be —ach+5
1 3 (8)

u' = a7a+b—lﬁ7a+b—lu’ (a" b’ = (a, b))

From this equivalence transformation we deduce that equations (1) and (4) are connected with eor &' being zero.

In the other words, in the case where m = 1 equation (1) can be mapped into equation (7).

case (ii) Ifa+b-1=0,

In this case, which also impliesthat @' +b’ =1 wehave t' = a’t + 7, X' = ax+ 5,u’ = fu where € B+ =a?® €
9)

As in the previous case we have e€’> 0or e=€'=0. Hence in the case e=€'= +1 equation (1) admits a three

2
parameter equivalence group t' = &’t+ 7, X' = ax+J,u’ = a*™u (10)

while in case €=€'= 0, it admits four parameter equivalence group (9). Finally if  m =1 which also implies that

m’ = 1, equation (1) admits four parameter equivalence group t'=a’t+y,X =ax+\a’ € —aekd,u’ = pu.
Clearly as in the previous case, if m = 1 equation (1) can be mapped simpler  equation (7).

Theorem 1: Equation (1) admits

(1) a three parameter Lie group if a, b and m are arbitrary;

(2) a four parameter Lie group if (a) a, b are arbitrary and m=0and if (b)a=0,b=1and m=2;

(3) a five parameter Lie groupofa=0,b= -1/2andm=0;

(4) an infinite — dimensional Lie groupif a=0,b=1andm=0.

Any other member of the class (1) is equivalent to the above five cases.

In this case m = 0 which is equation (7), if wesetn=a+b — 1 and k = b -1, we obtain the a class of equations

ou o ,d% n_l(au)z
—=—-—|Uu"—-—au""| —
ot OX OX OX

u, + [u "u, +ku"tu? ]X = 0. The results on Lie symmetries presented in Theorem (1).

Invariant Solutions: We give optimal system which consists a list of inequivalent subalgebras for the three cases
of Theorem (1) and we give some examples of reduced ODE’s.

r,=0,T,=0,T,=(@+b-3m+2)o,

+(@a+b-m)xa, +2ud,

that produce an optimal system which depend upon the values of the parameter a, b and m. We get four sub cases.
(a+b-3m+2% 0,a+b-m=10

(T ), (I, + T, ), (I, ) where ¢ =0, + 1. For each component of the optimal system we construct the corresponding

(1) Here we have three Lie symmetries

similarity reduction that transforms (1) into an ODE. We obtain the following F2> U= ¢(a)) =1
(T, +cL,) U =gw), 0= x—ct
2 __atb-m
<F3> ‘U = t arb-3m+2 ¢(w)’ W= Xt arb-3m+2
The reduction that corresponds to the sub algebra <F1 + CF2> leads to the equation
C¢w - [¢a+b_2 (¢¢(uw + (b _1)¢a2) )+ € ¢m ]w = 0

which provides travelling wave solutions for equation (1).
(ila+b-3m+2 #0,a+b-m=0.

(Ty +al,), (I, + I, ),(T,) where ¢ = 0, +1 and & e R. The sub algebra (I'; +of’, ) produces the reduction

1 a

u=x"g(w)w=x 2!

1 a
u=t"g(w) o=t 2-mex,
(ia+b-3m+2=0,a+b-m #0.
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(T + ), (I, +cI, ),(I,) where ¢ =0, 1 and e R. The sub algebra (I, +of;) produces the reduction
1 a

u=x"g(w) w=x et
((vya+b-3m+2=0a+b-m=0=m=1a+b=1 ([, +al, +A,),([} + A,).(I,)where &, B,y e R.
t
u:eﬂqﬁ(a)),a):x—ﬁt,ifﬂ;tO,
The sub algebra (I, + oI, + AT} ) produces the reduction B

X

u=eglw)w=tif =0
In the case B # 0 the sub algebra <F3 +al, + Al 1> leads to the equation

ad, b Blg,, + (-1 ¢+ e | =

1
and in case B = 0, we obtain the solution U = C; exp{—s (azx - (e a’ + b))}
a

(2a) Here we have four Lie symmetries I7,1,,1; (m = 0) and I', =3t0, + X0,, which in addition to the sub bases
1(i)-1(iii) produce the reduction that corresponds to the sub algebra <F4 + CF3> where ¢ =0, % 1. This sub algebra

2c _ 1+(a+b)c
gives u= t3+(a+b+2)c ¢((()), w=xt 3+(arb+2)c
if 3+(@a+b+2)c#0,

U=x () w=t,if 3+ (a+b+2)c =0

1
3(a+b+2)1+2b-a)t a+b-1
C1
(a+b-1)
(2b) Here we have four Lie symmetries 1"1,1“2,1"3(& =0,b=1m= Z)and I, =2€et0, +0,,which in addition to
the sub case (1) (i) produce the reduction that corresponds to the sub algebra <F4 + CF1> where ¢ =0, 1. We

In the case 3 + (a + b + 2) ¢ = 0, we obtain the solution U = x °+{

obtain u =£+¢(a)),a)=x—ft2, ifc=0
c c

(), 0 =tif c=0.

:26t

In the case ¢ # 0 we obtain ¢

[alalo]

1 . . . .
+2e€¢9, +E:O' We integrate this equation and the integral has the form

#,.+ €@’ +—=0 where c is the constant integration. Sub case of the above equation, is the first Painleve’s
c

X+2ec

transcendent with the form ¢, +6¢° + @ = 0. Finally, in the case ¢ = 0, we obtain the solution U =

(210

et
(3) Here we have five Lie symmetries, I,,T,,I,(a=0b=-1/2,m=0),T, =3t, + %3, and

I, = xzax +4xud, which in addition to the sub cases 1(i) and 2(a) produce the reduction that corresponds to the
sub algebra (I +od, + AT, ) where o, B e R.

Potential Symmetries: In this case we consider the potential system, V, =U

(1)
mo 1 b L . . o .
Vi=—€eu —B[ua(u )Xx]. which it admits a Lie symmetries if and only if
r'%v, —u]= (12)
re ){v +eu™ += [u } (13)
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for v, =uand v, =—Jeu™ +u***u_ +(b-1u*"2u?|  Werecallthat T®, I'® are the firstand second

extensions of the generator I = r(t, X, u,v)at + f(t, X,U,V)@X + {(t, X,u,v)av

From the coefficients of u,uU,,,U, and U, of (12) and from the coefficient u,u,, of (13) we get that the coefficient
7 isafunction of tand the coefficient & and ¢ are functions of t, xand v. From equation (12) we have that
n=-4u’=(&-¢Iu-¢,

After we have used the above results, we have that functions z,&,7,4 are satisfying the following determining
system

(@a+b+2)su—[r, —(@+b+2), +(a+b-1)¢, Ju

—(a+b-1), =0 14)

(b? +ab+2b—a)u® —(b—1)z, —(a=b+2)&, u

~(b-1(a+b-1)¢, u—(b-1fa+b-2),, =0(15)

2(b+2)¢,u° +[(4b+5),, —(2b+1)¢,, Ju?
+[(2b+1)¢, —(4b-1)¢, u-2(b-1)¢, =0 (16)
e(m-1)Eu™?—elr, -m& +(m-1)¢, ™

—c mgxu mé;ku a+b+3 + 3(§XW _ fvvv)\l a+b+3

+ 3(5)0(\/ _ é/xvv )U a+b+2 + (égxxx _ 3§><xv )U a+b+1

¢ U HEU =L u=0 17)
Equation (17) can break up into more equations in proportion the valves of the parameter a, b and m.
From the coefficient of u®in equation (14) we get two cases &, =0or a + b + 2 = 0. After we have solved the

XV

determining system (14 — 17) we observe that for the case that&, =0 and a + b + 2 = 0 we do not find potential

symmetries. The system (11) admits Lie symmetries which induce potential symmetries for the corresponding
equation (1) in two cases.

()a+b+2=0and&,#0

(2)a+b+2#0and & =0.

We present only the potential symmetries when ~ m # 1. We use the equivalence transformations, equation (1) can
be mapped into (7). We obtain that the following Lie symmetries of the system (11) induce potential symmetries for
the corresponding equation (1)

(1) (a, b, m) =(0, -2, -1)

I'=vo, —u’d, —-2¢€td,

(2) (a, b, m) =(3/2,-1/2, 3)

(i)e>0

I, =+/2 euCos(v/2 eva, )+ Sinv/2 eva,

I, = /2 cuCos(v2 eva, )+ Sinv2 eva,

(i) e<0

I, = 1/2|e|ue‘/ﬂvau + emvﬁv

r,=-— 2|e|ue"/gvé’u +e*ﬁvav.

Further Potential Symmetries: Equation (1) can be written in other conserved forms when the parameter n, a and
b satisfy certain relations. For example, if a #b + 1, a # b and m # a — b, the auxiliary system takes the form

u®u, +1(a+ b—2)u®2u?
v, =u" 17) v, =(a-b-1 2

X
em _
_—ub g+m
a-b-m
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for which Lie symmetries above induce potential symmetries of (1) in two cases. The first case is when (a, b, m) =
(3, 1, 3) the system admits the following Lie symmetry which is a potential symmetry of (1).
I'=vo,-0,-6¢€t0,
The second case that the system (17) produces potential symmetries is when (a, b, m) = (3/2, -1/2, -1) and the
symmetries have the form
(i)e>0

2e 2e
l"l:_ziue 3 au+ ﬁe \/Zav
3 \ 3
2e 2e
Fzzz%ue 3 6u+‘/2—3€eﬁav

(i) e <0
2 ), [ )
1 %
3 3 3 3
2|e|u |e| 2|e| 2|e| ) )
) 3 Sin 3 V|0, + ?Cos ?V 0, In case for whichm=a—-b,a#b+ | and a # b equation (1)

can be written as a system of two equations

X

1

2b-1 2b— 2 2
u"u, +—(@a+b-2
VX:ub—aJrllvt =(a—b—1 XX 2( )
+e(a-b)inu

If a=Db and m # 0, then equation (1) admits the conservation law
v, =Inu

1 em

2b-1 2b-2, .2 m-1

v, =—Uu""u, +=(1-2b u, +——u

t XX 2 ( )J X m _1

Lie symmetries of the above three systems lead only to Lie symmetries to (1).
2. RESULTS

From this paper we obtained potential symmetries form by substituted for a, b, m some values and discussed
the cases (i) € >0 and (ii) €<0. Hence Lie symmetries of the all the above discussed three systems lead only to Lie
symmetries to

E:Ut+€(um)x+l[ua(ub)xx]x =0

3. CONCLUSION

The main goal of this paper was the investigation of symmetry properties for special classes of nonlinear
evolution PDEs. Also we have given optimal system which consists a list of in equivalent sub algebras. Further
potential symmetries were discussed; finally a peculiar result is obtained. We hope the results given in this paper
will further enrich group analysis.

REFERENCES

Arrigo DJ, Hill JM, Nonclassical Symmetries for nonlinear diffusion and absorption. Stud Appl Math, 94, 1995, 21-
39.

Bruzon MS, Gandarias ML, Torrisi M, Tracina R, On some applications of transformation groups to a class of
nonlinear dispersive equation. Nonlinear Anal Real World Appl 13, 2012, 1139 -1151.

Charalambous K, Sophocleous C, Symmetry analysis for a class of nonlinear dispersive equation 2010 MSC:
35G01
Gandarias ML, New Symmetries for a model of fast Diffusion Phys Lett A, 286, 2001, 153-160.

Kingston J G, Sophocleous On form preserving point transformations of partial differential equations J Phys A, 31,
1998, 1597-16109.

July - September 2016 1801 JCPS Volume 9 Issue 3



ISSN: 0974-2115

www.jchps.com Journal of Chemical and Pharmaceutical Sciences
Levi D, Winternitz P, Non classical Symmetry Reduction: Example Mof the Boussinesq equation, J Phys A, 22,
1989, 2915 — 2924.

Oran A, Rosenau P, Some symmetries of nonlinear heat and wave equations. Phys Lett A, 118, 1986, 172 — 176.

Ovsiannikov L V, Group relations of the equation of nonlinear heat conductivity, Dokl Akad Nauk SSSR (125),
1959, 492 — 495.

Popovych RO, Kunziger M, Eshraghi H, — Admissible transformations and normalized classes of nonlinear
Schrodinger equations. Acta Appl Math 109, 2010, 315-359.

Rosenau P, Compact and non-compact dispersive patterns. Phys Rev Lett A, 275, 2000, 193 — 203.

Rosenau P, Compact and non-compact structures. Phys Rev Lett 73, 1994, 1737 — 1741.

Rosenau P, Hyman J M, Compactions: solutions with finite wavelength. Phys Rev Lett, 70, 1993, 564 — 567.
Rosenau P, On a model equation of traveling and stationary compactions Phys Rev Lett A, 356, 2006, 44 — 50
Rosenau P, Whatisa ....... compaction? Notices Amer Math Soc, 52, 2005, 738 — 739.

Rubinstein J, Evolution equations for stratified dilute suspensions. Phys Fluids A, 2, 3 —6.

July - September 2016 1802 JCPS Volume 9 Issue 3



